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1. INTRODUCTION 
The purpose of this note is to continue the effort initiated in [7] of formulating 
sequence entropy characterizations of mixing properties of measure-preserving 
transformations. Theorem 5 of [7] is extended to include partially mixing 
automorphisms of arbitrary type. A sufficient condition for a transformation to 
be intermixing is given and related results discussed. Finally, a Berg type 
characterization of independent factors of a weakly mixing transformation is 
given. 
2. PRELIMINARIES 
Let T be a bimeasurable measure-preserving bijection of a non-atomic 
Lebesgue space (X, g’, p). Let 22’s denote the set of all measurable partitions 
of X possessing finite entropy (two partitions are identified if they coincide 
mod 0) and 2, denote the set of all members of 9, consisting of exactly two 
subsets of X. The trivial partition is denoted by v. Let N be the sequence of 
natural numbers and Y be the set of all subsequences of N. If B = {b(i)}, 
A = {a(i)} E Y and B is a subsequence of A then we write B C A. 
T is mixing if lim,,, p(TnWn Y) = p(W) p( Y) for all W, YE 9l. T is 
partially mixing with constant c E (0, 1) if lim inf,,, p( Tn W n Y) 3 cp( W) p( Y) 
for all W, YE 37. T is intermixing if lim infn+m p(TnW n Y) > 0 for all W, 
Y E g of positive measure. T is of positiwe type if, for every partition 01 # v and 
every A E .9, supBca h,(T, a) > 0. T is mixing in the sense of Walters if, for all 
WE 99 (0 < pL( W) ==c l), lim supndm p( T* W n W) < p(W). T is weakly mixing 
if 
I$& i Ip(TjWn Y)-p(W)p(Y)I =0 for all W, I’ E i3. 
3=1 
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3. MIXING AND ENTROPY 
THEOREM 1. Let T be partially mixing with constant c E (0, 1). Then, for each 
01 + v, there exists h > 0 such that for all A E .Y sup,,, h,(T, a) 3 cH(ol) f- k. 
Proof. Let h(x) = -x log x, 0 < x < 1. If 0 < t < 1 /e letg(t) be the unique 
solution to the equation h(x) = h(t) in the interval (l/e, 1). 
suppose 01 = (&,..., a”} satisfies mesh LY < 1 /e. Let -4 = (a(i)} E .Y and 
t ~1 0 be given. Choose 6 > 0 such that: 
and 
6 < c min{p(cu’)) 
gl 444 - 3 b $ h(ccL(4) - E. 
Let /3 = (/3’,..., /3”> be given. For n large, p(Ta(*)d / p) >, cp(cd) - 6 
(1 < i < L, 1 <;i < K). Observe that h(p( T”(n)d / p”)) > h(cp(d) - 6) pro- 
vided p(Ta(‘Q / 8”) < g(cp(d) - 8). Now, for each j, p(U (p: p(Ta(@n’ / 8”) > 
g(cp(d) - 6))) < p(d)/g(cp(d) - 6) < p(d)/g(cp(d)). For large n, 
H( Tat% / ,fI) = 2 i p(p) h(p( TQCn)cy) I B”)) 
j=l i=l 
h(c mesh a) 
2 CH(OL) + h(c) - E - g(c mesh -q . 
Since E was arbitrary, there exists B C A such that h,(T, E) >- cH(cu) L h(c) - 
h(c mesh a)/g(c mesh a). 
Let y be any non-trivial finite partition. Let E > 0 satisfy: 
E < -1ogc and E -+ mesh y (I 1. 
Choose a positive integer R for which: 
(c + mesh Y)~ < $ 
and 
-cc + h(c) - eh(c(E + mesh Y)~) > 0. 
Choose integers s(l), s(2),..., s(R) such that H(X) > RH(r) - E and mesh X i 
(C + mesh r)R where h = V: TSti) y. Now there exists B C A such that 
RhB( T, y) > hB( T, X) 2 cH(r\) + h(c) - eh(c mesh A> 2 cRH(r) - cc t- h(c) -. 
eh(c(c + mesh Y)~). 1 
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Remark. As a consequence of Theorem 1 and well-known facts [2, 3, 4, 91 
about mixing, one obtains: 
B INTERMIXING 
PARTIAL &’ k3 WALTERS’ 
MIXING~MIXING MIXING 
m..+ WEAK 
Q3 
f MIXING 
POSITIVE TYPE 
THEOREM 2. If T is ergodic and, for all non-trivial OL E Z, suficiently close to v 
and all A E 9, supBcA hs( T, a) > H(ar) - (1 - mesh a)” - (1 - mesh a)3 then 
T is intermixing. If h,(T, a) > H(N) - (1 - mesh CY)” - (1 - mesh CY)” for all 
01 E Z, and some B E Y then T is ergodic. 
The proof is divided into a sequence of lemmas. 
LEMMA 1. Let T be ergodic. Then T fails to be intermixing if and only zf there 
exists a sequence W, E g (0 < p( W,,) JO) such that, for each n, 
lirnpf p(T’W,, n W,) = 0. 
Proof. If T is ergodic but not intermixing then there exists WEE such that 
p(W) > 0 and lim inf,,, p( Ti W n W) = 0. Now Y C W implies lim infj,, 
,u(T~Y n Y) = 0. 1 
LEMMA 2. Let K > g. There exists E = e(K) > 0 such that: whenever 
partitions 01 = {W, X - W} and /I = {Y, X - Y} satisfy 
(1) a = p(W) = p(Y) < E 
(2) p(WnY)=cp(W)p(Y) where O<c<l 
then: (c log c + 1 - c) aa + (c - 1)s us < H(P) - H(/3 1 a) < (c log c + 1 - 
c) a2 + (c - 1)” a9 + Ka*. 
Proof. Let F(a, c) = (c log c + 1 - c) u2 + (c - 1)2 a3 + Kd - H(j3) + 
II@ 1 ct) = (1 - c) a2 + (c - 1)2 a3 + Kd + 2(1 - a) log(1 - a) - 2a(l - 
ca) log(l - ca) - (I - 2a + cu”) log(1 - 2u + ca2). An elementary argument 
reveals 
’ ar 
-=a2 2a(c-l)+log ac [ 
(1 - ca)” , o 
1 - 2a + cup 1 
for 
O<c<l and O<a<*. 
Let $(a) = T(a, 0) = a2 + a3 + Ka* + 2(1 - u) log( 1 - a) - (1 - 2a) x 
log(l - 2~). Now C(O) = 4’(O) = 0 and 4”(a) = (2a2/[(l - a) (1 - 2a)]) x 
[(6K - 7) a2 - 12a3 + 12Kdl] > (2u*/[(l - a) (1 - 2a)])(6K - 7 - 12~~) > 0 
for a < [(6K - 7)/12]lf2. Hence F(u, c) > 0 for small a > 0 and all c E [0, 11. 
Next, let Ja, c) = (c log c + 1 - c) u2 + (c - 1)2 u3 - H(j3) + H(/I 1 a). 
Then a/l/& > 0 and so n(u, c) < A(a, 1) = 0. i 
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DEFINITION. For 01 E 9, let E(cK) = lim supn.JH(ar) - H(T% 1 a)). 
LEMMA 3. Let T be ergodic. If E(z) < aa + am3 (where a, = 1 - mesh a) for 
all non-trivial OT E Z, suffciently close to v, then T is intermixing. 
Proof. If T is ergodic but fails to be intermixing then there exist W, E 28 
(0 < P(WJ J 0) such that lim inf,+= p(TfW, n W,) = 0 for each n. Let 
% ={W,,X- wn>, a,, = p(W,J, and tin = p(TiW, n W,). Applying 
Lemma 2, H(ol,) - H(T%, / a,) >, (tin log tin + I - tin) an2 + (c,, - 1)2 an3. 
Thus E(ol,) 3 an2 + an3. 1 
LEMMA 4. If (Y E Z, is non-trivial then H(ar) > a2 + a3 (where a = 
1 - mesh CY). 
Proof. This follows from an elementary calculation. 
Proof of Theorem 2. First, observe T is ergodic. For if not, there exists a 
non-trivial OL E Z, such that Tel = 0~. Then h,(T, a) = 0 for all B E Y and, by 
assumption, 0 > H(a) - (1 - mesh a)” - (1 -mesh a)“. But this contradicts 
Lemma 4. 
Suppose T is not intermixing. According to Lemma 3, there exist non-trivial 
CY, E Z, such that 01, -+ v and E(or,) > wn2 + wn3 where w, = 1 - mesh cy, . 
Let E > 0 and n be fixed. Then there exists A = {a(i)} E Y such that 
H(Ta%,l j (Y,J < H(or,) - wn2 - eon3 + E for all i > 1. Let B = {b(i)} C A. 
Then 
z 1 H (T-i& j ‘-f’ Tb(‘k~~ V as) + H( Tb(%, 1 IX,) -+ H(or,) 
k-l 
< 1 H(Tb’k-2’ a, I 4 + H(G) < (k + 1) H(s) - &G” + w,,~ - 4. 
i=O 
Hence hB(T, a,) < H(or,) - (w,’ + wn3) + E. Since E was arbitrary, the desired 
result is obtained. 1 
THEOREM 3. Let c E (0, 1). If, for all A E Y and all non-trivial CY E Z, suf- 
Jiciently close to v, supsca h,(T, a) > H(ol) - (c log c + 1 - c) a2 - (c - 1)” a3 
(where a = 1 - mesh CY) then lim infj,, p( T*W n W) > cp( W)2 for all WE a’. 
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The proof of this theorem is similar to that of Theorem 2; the major change 
is the following modified form of Lemma 3, which we state without proof: 
LEMMA 5. If E(cY) < (c log c + 1 - c) a2 + (c - 1)2 a3 (where 
a = 1 - mesh a) for all non-trivial CY E Z, suj&ntly close to v, then 
lim infj+&TjW n W) > cp( W)2 for all WE 9. 
THEOREM 4. Let T be weakly mixing and 01, /I E S,, . Then aT = V_“, Tim 
and /3T = V_“, Ti/3 are independent ;f and only if, for all A E Y, hA( T, a V /3) = 
h,(T, 4 4 h,(T, B). 
Proof. Let K be a positive integer and E > 0. For any partition h E Z0 let 
A, denote VrK TQ. Since T is weakly mixing there exists A = {u(n)} E Y such 
that h,(T, AK) 3 A!(&) - e for h = OL, j3 and a(n + 1) - u(n) > 2K for all 
n > 1. Define B = {b(n)} E 9’ as follows: 
let 
if n=(2K+ l)t+r where O<rr<K+l 
b(n) = -K + I + a(t + 1). 
Then hA( T, AK) = (2K + 1) h,(T, h) for h = a, 8, 01 v B. Thus H(~K v PK) 3 
h,(T, ~~ v /%> = (2K + 1) h,(T, 0~ v B) = (2K + 1) MT, 4 + h,(T 8)) = 
h,(T, CQJ + h,(T, ,&) b H(cQJ + H(&) - 2~. Since E was arbitrary, NX and & 
are independent. I 
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